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FAR POINTS AND DISCRETELY GENERATED SPACES 


ALAN DOW AND RODRIGO HERNANDEZ-GUTIERREZ 


Abstract. We give a partial solution to a question by Alas, Junqueria and 
Wilson by proving that under PFA the one-point compactification of a locally 
compact, discretely generated and countably tight space is also discretely gen¬ 
erated. After this, we study the cardinal number given by the smallest possible 
character of remote and far sets of separable metrizable spaces. Finally, we 
prove that in some cases a countable space has far points. 


All spaces under discussion will be Tychonoff. 

Let X be any space. We say that X is discretely generated if for every A C X 
and p G c\x{A) there is a discrete subset D C A such that p G clx(-D). Also, X 
is weakly discretely generated if every non-closed subset A in a space X contains 
a discrete subset D C A such that cl x(D) \ A ^ 0. These notions were defined 
in [14] and have been a subject of study lately. First countable spaces are clearly 
discretely generated and in fact spaces with relatively rich structures are discretely 
generated. For example, it has been shown that countable products and box prod¬ 
ucts of monotonically normal spaces are discretely generated ([21], [2]). Also, notice 
that the definitions of discretely generated and weakly discretely generated spaces 
are similar to the classic notions of Frechet-Urysohn spaces and sequential spaces, 
respectively, with the advantage that there is no bound in tightness (see Example 
3.5 and Proposition 3.6 in [14]). 

If one focuses on compact spaces, there are interesting things to say. Although 
there are compact spaces that are not discretely generated [14, Example 4.3], all 
compact spaces are weakly discretely generated [14, Proposition 4.1]. Also, a dyadic 
compactum is discretely generated if and only if it is metrizable [21, Theorem 2.1]. 
In this paper, we focus on the following question by Alas, Junqueira and Wilson. 

0.1. Question [2] Let A be a locally compact and discretely generated space. Is 
the one-point compactification of X also discretely generated? 

So far, this question has been answered consistently in the negative. First count¬ 
able counterexamples have been constructed using CH [2] or the existence of a 
Souslin line [1]. Later, it was shown in [17] that a similar construction could be 
carried out assuming the cardinal equation p = cof(Xi); the resulting space has an 
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open dense set homeomorphic to w x “2 and the rest of the space is homeomorphic 
to the ordinal space p. 

It is the objective of this paper to show that it is consistent that Question 0.1 
has a partial affirmative answer. 

0.2. Theorem Assume PFA. Then every locally compact discretely generated 
space of countable tightness has its one-point compactffication discretely generated. 

So, under PFA, there are no first countable counterexamples to Question 0.1 
but certainly the example from [17] does exist. Thus, Question 0.1 is still open. 

It is interesting to notice that all counterexamples to Question 0.1 mentioned 
above are constructed using the following procedure. Consider some simple space 
X and find a remote point p £ (3X \ X with some special property. Then some 
appropriate quotient of ftX \ {p} will be a counterexample to Question 0.1. The 
counterexample from [17] used a remote point of w x “2 with characer p (which, 
consistently, may not exist). For this reason, the second-named author asked in 
[17] whether the minimal character of a remote set of a separable nretrizable space 
is equal to any well-known small cardinal. In section 3 of this paper we improve 
the previous existing bound given in [17], see Theorems 3.5 and 3.3. Although we 
were not able to describe this cardinal completely (Question 3.6), we did calculate 
the minimal character of a far set of a separable metrizable space, see Corollary 
3.11. 

For our final section, let us comment a little on the history of remote points. The 
existence of remote points of separable metrizable spaces was a hard problem that 
was finally solved by Chae and Smith [6] and, independently, by van Douwen [7]. 
A restriction finally proved in [11] is that pseudocompact spaces have no remote 
points. For some values of k, ccc non-pseudoconrpact spaces of 7r-weight k have 
been shown to have remote points: this was proved in [6] and [7] for n = ui, in [10] 
for k = oj\ and in [5], assuming CH, for k = u> 2 - Also, the spaces that have been 
constructed with no remote points (for example, see [9], [11], [12]) are not ccc. So 
the following question seems natural. 

0.3. Question [13, Question 1] Does every ccc non-pseudocompact space have a 
remote point? 

We also have to consider that it is consistent that there is a separable spaces with 
no remote points [11]. For this reason, we find it is interesting to study remote and 
far points in countable and crowded spaces. In this paper we focus on the following 
question. 

0.4. Question Does every countable and crowded space have a far point? 

This question is answered under some additional conditions: if the character 
and 7r-character coincide at every point (Theorem 4.2), when the tv- weight of the 
space has uncountable cofinality (Corollary 4.6) and when we assume that c < 
(Corollary 4.8). However, it remains an open problem in its full generality. 
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1. Preliminaries 

In a topological space A, given A C X, the closure of A will be denoted by 
cl* (A) and its boundary by bd*(A). A standard reference for topological concepts 
is of course [15]. 

The Cantor set is the set w 2 of all functions w —> 2. The Cantor tree is <ul 2 = 
|J{"2 : n < to}. Given s £ <w 2, let [s] = {/ e “2 : s C /}. The set {[s] : s £ <UJ 2} 
is a base for the topology of “2. 

Recall that in any compact Hausdorff space, the character and the pseudochar¬ 
acter of closed subsets are equal. The character of a point p in a space X will be 
denoted by y(p, X). 

For every Tychonoff space X, (3X denotes the Cech-Stone compactification of X 
and X* = /3X \ X. A point in the Cech-Stone remainder p £ X* is called remote 
(far) if very time N C X is a nowhere dense set (a closed discrete set, respectively) 
then p clpx(N). Extending the definition of remote point, we will say that 
F C /3A is a remote set (far set ) of A if F fl clpx(N) = 0 for every nowhere dense 
subset (closed discrete subset, respectively) N of X. 

In this paper we will use some some small uncountable cardinals. See [8] or [25] 
for topological introductions, [4] for a recent survey in a set-theoretic perspective 
and [3] for information on consistency results. Basically, we will use p, cov(AI), 
cof(A4) and 0. 

Let be the family of all functions from u> to u>. The cardinal 0 is the size of 
the smallest family © C such that every time / : u> —» w, there is g £ © such 
that {n < (jJ : g(n) < f(n)} is finite. 

We will assume the terminology of posets such as dense subsets and filters and 
so on, see [3, Section 1.4]. If K if a class of partially ordered sets and a is a cardinal 
number, MA k (K) is the following assertion: 

If P £ K and {D a : a < «} are dense subsets of P, there is a filter 
G C P that intersects D a for every a < k. 

Let ctble be the class of countable posets and er-cent the class of cr-centered 
posets. 

1.1. Theorem (a) k < p if and only if MA K (<r-cent). ([16, 14C, p. 25]) 

(b) k < cov(A4) if and only if MA K (ctble). ([3, Theorem 2.4.5]) 

We will assume some knowledge of forcing and random reals for the proof of 
Lemma 3.4 and Theorem 3.5 and of course we will assume knowledge about PFA 
in the proof of the main Theorem 0.2. 

2. Discretely generated spaces 

In this section we will prove Theorem 0.2. We will split the proof in several steps 
to make it more transparent. 

Recall that a free wi-sequence in a space A is a subset {x a : a < w 1 } such that 
every time (3 < uj i we have that cl.vd^a : a < /?}) fl clA'({;c a : /3 < a < wi}) = 0. 

2.1. Lemma Let K be a compact space and p £ K such that K\{p} is countably 
tight, p is not isolated and p is not in the closure of any countable discrete subset 
of K. Then there is a free wi-sequence in K such that p is its only complete 
accumulation point. 
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Proof. We will recursively construct our free sequence {x a : a < wi}. We will also 
define a sequence of open neighborhoods {U a : a < uq} of p such that {x a : /? < 
a < wi} C Up and { x a : a < /3} Pi clx^Up) = 0 for every (3 < oj\. Notice that this 
implies that the sequence constructed in this way is a free wi-sequence. 

In step (3 < u>i, assume that we have constructed {x a : a < /?}. Since { x a : 
a < p} is countable and discrete, p cannot be in its closure. Thus, there is an 
open set Up with p £ Up and cl x{Up) H cl^({a: a : a < P}) = 0. Notice that the 
pseudocharacter at p is uncountable. Thus, choose a point xp £ f]{U a '■ < /?} 

such that xp ^ p. This completes the construction. 

Now, notice that by countable tightness, no point of K \ {p} can be a complete 
accumulation point of {x a : a < p}. However, by compactness this sequence must 
have a complete accumulation point, which must be p then. □ 

2.2. Lemma Let Y be a space, p £ Y such that Y \ {p} is countably tight and 
discretely generated and A C Y such that p £ cly (A) \ A. If p is in the closure 
of a countable discrete subset of Y then p is also in the closure of some countable 
discrete subset of A. 

Proof. Let {pi : i < oj} C X be a discrete subset that clusters at p. For each i < u, 
let Ui be an open set with pi £ Ui such that Ui f~l Uj =0 every time i ^ j < w. Then 
find a sequence S n C A fl Ui that clusters at pi for each i < oj. Then UfS 1 * : i < w} 
is a discrete subset of A that clusters at p. □ 

2.3. Lemma Let K be a compact space, T C K closed with character < p and 
A C K such that A is countable and cl k{A) fl T / 8. Then there exists B C A 
such that for every open set U with T C U, the set B\U is finite. 

Proof. Enumerate A = {x n : n < ui} arbitrarily. Let {U a : a < k} be a family 
of open sets such that k < p and T = f]{U a : a < k}. For each a < k, let 
A a = {n < uj : x n £ U a }. Since the set {A a : a < k} has the finite intersection 
property, it generates a filter T in uj. 

Now, consider the poset P of all p = (s p , A p , F p ), where 

(a) s p £ [w] <w , 

(b) A p £ J -, 

(c) max s p < min Ap whenever s p ^ 0, 

(d) F p £ [k] < w , and 

(e) Ap c fl {A a ■■ a £ F p }- 
and q < p if 

(f) s p C s q , 

(§) Aq C A p , 

(h) Sq\ s p C A p , and 

(i) F p C F q . 

Let us prove that (P, <) is cr-centered. It is enough to show that given s £ [w] <w , 
the set P s = {p £ P : s p = s} is centered. Given p, q £ P s , it is easy to see that 
( s, A p n A q , F p U F q ) is an element of P s that extends both p and q. 

For each n < uj, consider D. n = {p £ P : | s p > n} and for each F £ [k] < uj , 
consider Ep = {p £ ¥ : F C F p }. Let us argue why these sets are dense in P, let 
p £ P. Given n < oj, since A p is infinite, there is r £ oj such that |(s p U A p ) Dr| > n, 
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then (sp U (A p Hr), A p , F p ) is an element of D n that extends p. Given F G [k] < uj , 
(s p , Ap fl : a G F}, F U F p )) is an element of Ef that extends p. 

Now, since k < p, there is a filter G C P such that G fl D n ^ 0 for each n < uj 
and G C\ Ep for each F € [k] < w . Let B = {x n : n G s p for some p G G}. Since 
G fl D n ^ 0 for each n < uj, we get that \B\ = uj. 

We claim that B is the subset of A we were looking for. Let F G [k] < uj , we must 
show that there is rn G oj such that B \ {x n : n < m} C (~){U a : a G F}. Let 
p G G (~l Ef and let m = maxs p + 1, we claim that this m works. Let any k G u> 
such that k > m and Xk G B. Then there is q G G such that k G s q . We may 
assume that q < p so k G s q \ s p . By property (h), we obtain that k G A p . Then, 
by property (e), we obtain that k G A a for each a G F p . In particular, k G A a 
for each a G F. Thus, Xk G f]{U a : a G F}. This is what we needed to finish the 
proof. □ 

Given a space X and A C X a closed subset, we will say that S C X converges 
to A if for every open set U with A C U, the set S \ U is finite. In this way, the 
conclusion of Lemma 2.3 can be stated by saying that the set B converges to T. 

The proof of the main Theorem 0.2 can be basically done in two cases. We will 
first show how to solve these two specific cases in Propositions 2.4 and 2.5 and after 
this we will give the proof of Theorem 0.2 as a corollary. 

2.4. Proposition Assume that p > oj i. Let K be a compact space, p G K such 
that K \ {p} is countably tight and A C K a countable dense subset. Then there 
is a discrete set D C A such that p G cl/^-D). 

Proof. Since A is countable, it is possible to find a collection {Ki : i < uj} of 
regular closed subsets of K such that Ki C intx(-Ki+i), p £ Ki for i < uj and 
A C (J {Ki : i < uj}. For each i < uj, let A t = {a(i,n) : n < uj} be an enumeration 
of An ( K, ; \ K i+ 1 ) (where K_\ = 0). Let Y = K \ (J {Ki : i < uj}, notice that 
Y = K \ Ujintif (Ki) : i < uj} so in fact Y is closed and thus compact. 

If p is isolated in Y, let U be an open subset of K with U fl Y = {p}. Let 
us assume without loss of generality that U fl A* ^ 0 for each i < uj. Then pick 
Pi GU fl Ai for each i < uj. Then it is easy to see that D = {pi : i < uj} is a discrete 
subset of A such that p G cl k{D) and we are done. 

So assume that p is not isolated in Y. Now, if there is a countable discrete subset 
of Y that clusters at p, we would be done by Lemma 2.2. So assume that this is not 
the case, so by Lemma 2.1, there is a free wi-sequence {x a : a < uj\} C Y whose 
only complete accumulation point is p. 

For each (3 < w\, consider two disjoint zero sets Zp and Wp such that {.T a : 
a < (3} C Zp and {x a : (3 < a < uj\} C Wp. We may assume that Zp U Wp C Y 
for all (3 < uj\ since Y is of type Gs■ For each (3 < uj\, let Yp = (fj {Z a ■ (3 < 

a}) fl ( C\{W a : a < (3}), notice that xp G Yp C Y and Yp has character uj\. 

Given a < oji , it is possible to find E a G [uj] u and f a G Ea uj such that 
{a(i, f a {i)) '■ i G E a } clusters at x a . By Lemma 2.3, we may assume that {a(i, f a {i)) 
i G E a } converges to Y a . 

Consider the countable poset P = <u uj. For each a < u>± and n < uj, let 

D(a,n) be the set of all p G P such that there is m < uj such that n < m, 

in G dom{p) fl E a and p{m) = f a {m). Clearly, D(a, n) is dense in P for all a < ui i. 
Since cov(A4) > uj\ there is a generic filter intersecting all these dense sets. Thus, 
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it is possible to define / £ u oo such that F a = {in < oj : m £ E a , f{m) = / a (m)} is 
infinite. 

So let D = {a(i, f(i)) : i < lo}. It follows that D is a discrete subset of A. Given 
a < oj, let y a be a cluster point of {a(i, f(i )) : i £ F a }, notice that y a £ Y a . Then 
for each /3 < oj\, {y a : a < /?} C Zp and {y a : /? < a} C Wg. Thus, {y a : a < oj\} 
is a free uq-sequence. Since K \ {p} has countable tightness and I\ is compact, 
{ y a : a < lo 1 } has p as its unique complete accumulation point. Since y a £ cl k{D) 
for all a < u>i, we conclude that p £ cl k{D), which is what we wanted to prove. □ 

The proof of the next result uses Todorcevic’s side-condition method for proper 
forcing. See [24], specially Chapter 7, for an introduction on this. We will use the 
usual notation, where H{k) is the set of all sets with transitive closure of cardinality 

< K. 

2.5. Proposition Assume PFA. Let K be a compact space, p £ K and A £ 
such that K \ {p} has countable tightness, \{jp,K) = 00 1 , A is dense in K and no 
countable subset of A has p in its closure. Then there is a discrete set E C A such 
that p £ cl k{E). 

Proof. In [22] and [20] (see also [23, Theorem 3.1]) it is shown that every compact 
space of countable tightness admits a point-countable 7r-base. By considering a 
maximal pairwise disjoint family of open sets missing p , we obtain that there is 
a point-countable 7r-base B of K that moreover consists of open sets with their 
closures missing p. Since K is not separable, K has uncountable n- weight so \B\ > 
lo. By refining B, we may also further assume that {cl k{B) : B £ B} is point- 
countable. 

Let k be large enough so that K , B C Ft(n). Let P be the set of all p = (H p ,Af p ) 
such that the following holds: 

(i) H p is a finite set of pairs (a, B) where a £ A fl B and B £ B, 

(ii) if (ao, Bo) ^ ( a\,Bi ) are in H p then o* ^ B±-i for i £ 2, 

(iii) Af p is a finite G-chain of countable elementary submodels of ( H(k ), £), 

(iv) if (ao,B 0 ) ^ are in Fl p then there is N £ Af p such that | N fl 

{(ao, B 0 ), (ai, J3i)}| = 1, 

(v) if A £ Afi and (a, B) £ H p \N then for every a' £ An N and every B' £ B 
with a' £ B' it follows that a B'. 

Further, we will say that q < p if H p C F[ q and A f p C Af q . Then (P, <) is a poset. 
Let us assume for the moment that (P, <) is proper and show how to proceed. 

Let {U a : a < be a local base at p. Fix a < u>± for the moment and let 

D a = {p £ P : 3 (a, B) £ F[ p (a £ U a )j. 

Let us prove that D a is dense in P. 

So let p £ P, we must find an extension of p on D a . Let H p = {(a,;, Bf) : i < k} 
for some k < oj. Consider M -< H(k) such that p £ M. Clearly, a.^Bi £ M for all 
i < k and Af p C M. Let C = {B £ B : 3 a £ MC\A {a £ B)}. Then since B is point- 
countable, C is countable. Also, consider V = ^a\(U{clii’(-Bi) : * < fc}), which is an 
open neighborhood of p , so V is not separable. Thus, there are uncountably many 
elements of B\C contained in V, take one of them Bk- Finally, choose au £ BkHA. 
Define q such that FL q = FL P U {(ofc, Bk)} and Af q = Af p U {M}. Then it is easy to 
see that q £ P fl D a and q < p. 
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Thus, by PFA we can find a generic filter G C P that intersects D a for all 
a < u>\. Let 

E={a:3pGG,B gB ((a, B) G H p )}. 

Using property (ii) in the definition of P, it is easy to see that £ is a discrete 
subset of A that intersects every neighborhood of p and thus p G cl k(B), which is 
what we wanted to construct. 

Now let us prove that (P, <) is indeed proper. So let 9 be a large enough 
cardinal, we may assume that n < 9, and let N -< H (9) be such that Pel. Let 
M = N fl H(k), so M -< H(n). So let p G P H N, we must find a (N, P)-generic 
extension of p. Since p G M as well, then p = (H P ,U P U {M}) G P. We claim that 
p is ( N , P)-generic. 

Let D G N be a dense set of P and let q G D such that q < p. The idea here is 
to notice that q = (qC I M) U {q\ M) and then use elementarity to replace q \ M by 
something inside M that is still compatible with q. 

There is k < lo and T C k such that U q \ M = {M, : i < k} where M = 
M 0 G ... € M k , H q \M = {( ai,Bi ) : i G T} where (a,;,^) C M i+1 \ M t for 
all i G T. We are not going to bother to give names to q n M, but notice that 
q n M = {H q n M,j\f q n M) g m. 

So let S be the set of all r G P that can replace q\M. More specifically, 

(a) H r = {(xr,CV):iGT}, 

(b) K = {Zr : i < k}, 

(c) {x\, Cl} C M i+1 \ Mi for i G T , 

(d) Zr G Z r i+1 for i < k, 

(e) q n M C Z£, and 

(f) r = (H qn M U H r ,U q nM UA/" r ) G D. 

Notice that S G M and q\M G S so by elementarity S fl M ^ 0. However, we 
would like to choose r G S fl M in such a way that f is compatible with q and this 
requires more work. 

We will need the following claim. Its proof is not hard and follows roughly the 
same scheme as the proof above that given a < uq, the set D a is dense. So we will 
leave the proof to the reader. 

Claim: Given any B' G [H]“, there is r G S such that C[ G B \ B' for each i G T. 

Next, for each r G S, let us define W r = t [{J{cIk{CI ) : i G T}], this is a closed 
subset of the finite product T K. Let x = (xi : i G T) G T K be any T-tuple. For 
each i G T, by the choice of B , there is a set Bi G [B]- w such that Xi G cl k(B) if 
and only if B G Bi. Then B' = (J{Bi : i G T} is a countable set. Now let r £ S be 
given by the Claim above for this choice of £>'. Notice that this implies that x ^ W r 
for this specific choice of r. Thus, we have proved that [~\{W r : r G S} = 0. 

By compactness we have in fact that there is a finite set F C S such that 
PljUr : r G F} = 0. But W r G M for every r G M so by elementarity such an F 
can be chosen in M. So now consider a G T K given by a(i) = at for each i G T. 
Since a ^ {~}{W r : r G F}, there must exist r 0 G F C\ M such that a W ro . 

Thus, we have obtained an element ?’o G P such that ?“o € D (the definition of 
rb is given in item (f)). Using that a £ W ro it can be easily proved that in fact rb 
is compatible with q. We will leave this to the reader, which concludes the proof 
that P is proper and the proof of this result. □ 
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Proof of Theorem 0.2. Let X be such a locally compact space. Clearly, we may 
assume that X is not compact and call p the point at infinity of the one-point 
compactification Y = X U {p}. Given A C X such that p £ cly(A), we must prove 
that there is a discrete set D C A such that p £ cly(D). All our arguments will be 
inside cly(A) so we will assume, without loss of generality, that A is dense in X. 

First, let us consider the case when there is a countable subset of A that clusters 
at p. Again, by passing to a subspace, we may assume that A is itself countable. 
Then by Proposition 2.4 we obtain that A contains a discrete subset that clusters 
at p, so we are done. 

So assume that every countable subset of A has its closure disjoint from p. By 
Lemmas 2.2 and 2.1 we may assume that there is a free aq-sequence {x a ■ ol < 
coi} C X whose only complete accumulation point is p. 

Now, let us recursively define an increasing sequence {A a : a < uq} of countable 
subsets of X such that p £ cly ([J{ A Q : a < uq}) in the following way. In step 
0 < uq, the countable set A < p = \J{A a : a < 0} has its closure disjoint from p 
so there is a first ordinal X(0) < uq such that aq(/ 3 ) ^ clA'(A <j g). By countable 
tightness, there is Sp £ [A\- u such that X\(p) G cIa^S/?)- Let Ap = A K p U Sp. 

Again, we may assume that A = 1J{A Q : a < uq} without loss of generality. For 
a < uq, let U a = Y \ cl x(A a ). Notice that by countable tightness : a < 

uq} = {p}. By compactness it follows that {U a : a < uq} is a local base at p. So we 
may apply Proposition 2.5 and we obtain a discrete D C A such that p £ cl y(D). 
This finishes the proof. □ 


3. Character of far and remote points 

Here we continue the study of the character of remote closed sets in separable 
metrizable spaces that the second-named author started in [17]. For a Tychonoff 
non-compact space X, we define \r(A 1) to be the minimal n such that there exists 
set F closed in fiX remote from X and with x(F) = k; if no remote sets exist, 
XRpO = oo. Similarly, define xf(A 1) to be the minimal n such that there exists 
set F closed in (3X far from X and with x(-F) = if no far sets exist, Xf(A1) = oo. 

In [17, Proposition 3.1], the first part of the following was proved, the second 
can be proved in a similar way. 

3.1. Lemma If Y is dense in X , then xr(X) < Xr(^ 0 an d Xf(L^) < Xr(A). 

We define xr = Xr(Q)- The next result gives the new bound we announced in 
the introduction. 

3.2. Proposition Let X be a crowded, separable, Tychonoff space and assume 
that F C f3X is far from X. Then the character of F is at least c). 

Proof. Let Q C X be countable and dense. By Lemma 3.1, we may assume that 
Q = X so that X is O-dimensional. Consider some closed set F C 0X with character 
k < 5, we will prove that F is not far from X. We let {U a : a < k} be a base for 
F. It is easy to construct a pairwise-disjoint family {W n : n < u} of clopen sets of 
f3X such that X C (J {W n : n < oj}. For each n < oj. let {x(n,i) : i < uj} be an 
enumeration of W n f~l X. 
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For each a < k, there is a set E a £ [w]“ and a function f a :E a ^uj such that 
f a (n ) £ U a for each n £ E a . By Theorem 3.6 in [8], there is / : oj —» oj such that 
for all a < k and m < oj there is n £ E a \ m such that f a (n) < f(n). 

Define D = {x(n,i) : n < oj,i < f(n)}. Then it follows that I? is a closed 
discrete subset of X such that D C\U a ^ 0 for each a < k. Then clpx(D) flF^0 
so F is not far. □ 

Summarizing what we have about these cardinals so far, we obtain the following. 

3.3. Theorem Given any separable, non-compact, metrizable space X, 

5 < XfPQ < XrPO < cof(A4) 

Proof. xf(X) < ^r(T) follows from the fact that every remote set is far, Xr(X) < 
cof(A4) follows from van Douwen’s original argument [7] (a detailed proof was given 
in [17, Theorem 3.4]) and 0 < Xf(X) follows immediately from Proposition 3.2. □ 

We next prove that it is consistent that xr(w x w 2) is not equal to 5. The 
following lemma is based on the classical proof that after adding a random real, 
ground model reals are meager (see, for example, Theorem 3.20 in [18]). 

3.4. Lemma After adding one random real there is a closed nowhere dense subset 
N C oj x “2 such that if F C (oj x w 2)* is a ground model closed subset, then 
cl/3(wx“2)(A0 n F ± 0. 

Proof. Let M be a model of ZFC and assume there exists a random real r over 
M. Denote Lebesgue measure on w 2 by p. Recall that “2 is a Boolean group with 
coordinate-wise addition. 

It is a well-known fact from measure theory that there exists a meager, dense 
and codense subset of “2 of full measure (for example, see Theorem 1.6 in [19]). 
From this, it is possible to find a collection {14 : k < w} of dense open subsets of 
u 2 such that Vj C V) if i < j and /i(F]) < for all i < to. For each k < oj, it 
is possible to find a partition 14 = U {[s(A, i)] : i < to} where s(k,i) £ <UJ 2 for all 
i < u>. Notice that since this is a partition, the following equality holds 

(*) MH) = J2n([s(k,i)}), 

i<uj 

for all k < oj. Also, for every k < oj, let A4 = w 2 \ 14. 

Since translations do not change being nowhere dense, the set 

N=\J{{k}x(N k +r):k<oj} 

is a closed and nowhere dense in u 2. We will prove that N is the set we are looking 
for. It is enough to prove that given non-compact clopen subset U £ M of w x “2, 
UnN^Q). 

Let x be an accumulation point of the set n[U], where n : oj x u 2 —> u 2 is the 
projection. From this it is possible to find an infinite set E C oj in M and for each 
i £ E, Xi £ “2 (~l M such that x = lim i _ ) . 00 ay and (i, ay) £ U for all i £ E. We will 
prove the following. 
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Claim. Given n < uj, there is an infinite set E n C E such that 
M( J{Vn + x + xj :j £ E n }) < 

Let us show first that we are done if we assume the Claim. Given n < w, let 
Z n = [J{Vn + Xj : j £ E n }. Since translation by a; is a autohomeomorphism of u 2 
that preserves measure, the Claim implies that /i( Z n ) < A -. Then Z = f){Z n : 
n < lo} is a ground-model set of measure zero so r ^ Z. Then there is n < w such 
that for all j £ E n , f ^ V n + Xj. This implies that Xj £ V n + r, or Xj £ N n + r. So 
let m > n such that m £ E n . Then (to, x m ) £ U (~l N, which is what we wanted to 
prove. 

So it only remains to prove the Claim. Fix n < oj, we will choose E n = {mk : 
k < w} recursively. Assume that we are on step k and an increasing sequence 
{m.j : i < k} has been chosen. First, let jk < to be such that 

MW".*)]) < ji+i/'fK), 

j k <i<ui 

this is possible by property (*) above. Let Ik = max{ dom(s(n, i)) : i < jk}- By 
convergence in the product topology, there is to^ £ E greater than all {mt : i < k} 
such that x(i) = x mk (i) for all i < £k- Then, (x + x mk ){i) = 0 for all i < ik- From 
this it follows that if i < jk then [s(n, *)] + x + x mk = [s(n, j)]. Thus, 

(V n +x + x mk ) \V n C (J{[s(n, *)] ■■ j k <i< w}, 

which implies that 

»(( v n + X + X mk ) \ Vn) < 4 )- 

This completes the construction. Notice that then we obtain the following 

°o 

l-<([j{(V n + x + Xm k ) \ Vn : k < w} < Yj = n{V n ) 

k =0 ^ 

SO 

/A[^J{hn T x -\- x mk \ k <t cu} ft 2fi(V n ) — 
which implies the statement of the Claim. Thus, this finishes the proof. 

□ 

3.5. Theorem In the model obtained by adding L 02 random reals to a model of 
CH we have that x>\ = 5 < \'f(w x w 2) = cof(Ad) = L 02 = c. 

Proof. Assume CH in the ground model M. Let B(k) be the poset that adds k 
random reals ([3, p. 99]) and force with 8 (^ 2 ). In is known ([3, Model 7.6.8, p. 
393]) that in the resulting model, = 0 < cof(Ad) = u >2 = c. So we just have to 
argue that if F C (u> x w 2)* has character < 0 J 1 (in the extension), then it is not 
remote from wx“ 2 . 

Let {U a : a < 0 J 1 } be a local base at F. Given a < u> 1 , U a is defined by 
the countable sequence of open sets {U a fl ({?i} x u 2) : n < w}. So it is known 
([3, Lemma 1.5.7]) that there is /3(a) < <22 such that U a £ Define 

/3 = sup{/?(a) : a < wi}, this is an ordinal < 
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Then F and its base are in M 8 ^. But any random real with support in B(w 2 \/ 3 ) 
is random over . By Lemma 3.4 we obtain that there is a nowhere dense subset 
JV C w x “2 in M®^ 2 ) such that clg( wx w 2 )(-N) So F is not remote, which 

is what we wanted to prove. □ 

Thus, we have the following natural questions. 

3.6. Question Is \r = cof(A4) in ZFC? 

3.7. Question Let X be a separable metrizable space that is not compact. Is 
XR = XrPO? 


Next, we continue with the value of \f. In this case we will prove that it is equal 
to 0 , see Corollary 3.11. By Proposition 3.2, we need to construct a closed subset 
of PQ far from Q with character d. We will achieve this by constructing such a set 
in an ordinal space (Proposition 3.9). First, for the sake of completeness, let us 
prove in Lemma 3.8 that this is not possible in small ordinals. 

Let us recall some ordinals obtained by ordinal exponentiation. If a, P are ordi¬ 
nals, then a-p is the ordinal that is order-isomorphic to ax ft with the lexicographic 
ordering. Whenever a is a limit ordinal, a ■ n is homeonrorphic to n copies of a + 1 
for n < oj and a ■ oj is homeonrorphic to (a + 1) x oj. Let oj' 1 = oj. For 1 < n < oj, 
let w' (n+1) = oj' n ■ oj. Finally, oj' u = supjw' 71 : 1 < n < w}. 

3.8. Lemma If a < oj' u , then a does not have far closed sets. 

Proof. Clearly, this statement is trivial if a < oj. If oj' n < a < a/(" +1 ) for some 
1 < n < oj, then a is homeomorphic to a sum of finitely many copies of oo' n . So it 
is enough to prove that oo' n has no far closed sets for any 1 < n < oj, we will prove 
this by induction. 

Clearly, oj has no far closed sets. So now, let F be a closed subset in the Cech- 
Stone remainder of oj'^ n+1 \ where n < oj. We may think that F is an filter of 
clopen sets by Stone duality. 

Let T 0 be the interval [0,w' n ] and for each k < oj, let Tk +1 be the interval 
(oo' n ■ k, oj' n ■ (fc + 1)]. Then oo' ( ' n+1 ' > = \J{Tk ■ k < oo} is a partition of oj'^ n+v> into 
clopen sets homeomorphic to oo' n . 

Now consider the closed discrete set D = {oj' n ■ k : k < cj} and assume that F 
does not intersect the closure of D. Then there is U £ F such that D C U = 0. 
For each k < oj, U C\Tk is bounded in Tk so it is homeomorphic to some ordinal 
strictly less than oj' n . Thus, U is the free topological sum of oj ordinals, each less 
than oj' n . This implies that U is isomorphic to an ordinal less than or equal to oj' n . 
By induction, we know that F is in the closure of some closed discrete subset of U. 
This finishes the proof. □ 

For any space X, we recursively define the derived set by recursion in the 
ordinal a. Let = X. If a is any ordinal and X^ is defined, let be the 

set of non-isolated points of X^ a \ If (3 is a limit ordinal, let X^ = : a < 

P}. For every space X there is a minimal ordinal a < oj where = XC“ +1 \ this 
ordinal is called the scattered height of X. It is easy to see that for any a < oj, oj' a 
has scattered height a. 
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3.9. Proposition has a far closed subset of character 3. 

Proof. Let X = co' u . We will not use the actual identity of the space X but only the 
following facts. Our space can be written as a topological sum X = U{Tfc : k < co} 
where Tk is a compact, linearly ordered space homeomorphic to co' k + 1 for every 
k < co. Given k < co, notice that the scattered height of Xk is k + 1. The following 
fact will be crucial for our proof. 

(*) Given k,n < co, if an open subset U C X k has scattered height at least n + 1, 
then there is an interval [x, y\ G U such that y G U^ n+1 ^ and an increasing sequence 
{yi : i < co} C (x, y) that converges to y with y t G U ^ for all i < co. 

Observe that if D is a closed discrete subset of X, then for every k < oo, D C\T k 
is finite. Also, Tk is a countable set for every k < oo. Thus, it follows that there 
exists a collection of closed discrete sets {D a : a < 3} such that that every time 
D C X is closed and discrete, there exists a < 0 such that D C D a . Let us assume, 
without loss of generality, that max (Tk) G D a for every k < co and a < 0. 

By recursion, we will construct a collection { J a : a < 0} of clopen sets with the 
following two properties: 

(a) for every a < 0, D a fl J a = 0, and 

(b) for every r < co, {a(i) : i < r} C d and n < co, there exists in < co such that 
if to < k < co, then Tk fl (fj{ J a (j) ' * < r }) has scattered height at least n. 

Clearly, properties (a) and (b) imply that f]{ c l/ 3 A(ya) : a < 0} is a far closed set 
of character d. So we just need to carry out this construction to finish the proof. 

So assume we are in step fl < d of the construction and we have constructed 
{J a : a < /?} satisfying (a) and (b). For each F G [/3] <a; , let Jf = : a G F} 

and choose an enumeration {F a : a < /?} = [/3] <UJ . 

Given k < co, Dp naturally partitions the linearly ordered space Tk into a finite 
family of pairwise disjoint intervals in the following way. Let d(k, o) < d(k, l) < • • • < 
d(k,r(k)) be an increasing enumeration of Dp fl Tk■ Let also a^,o) = nun(Tfc) and 
let a^k.i+i) be the immediate successor of d^,i) f° r every i < r(k). Then we can 
write Tk = U([ a (fc,i)> ^<fc,i>] ; * < r (^)}- So consider the set 

S = {(k, i) : k < co, i < r(k), [a^p ), ^ 0} 

which gives us a countable infinite way to enumerate all non-empty intervals con¬ 
sidered. 

Now, given s G S, we will choose {b s (j) : j < oo} C [a s ,d s ). If d s is a limit, 
then choose {b s (j) : j < co} to be increasing and converging to d s . If d s is isolated, 
choose b s (j ) to be the immediate predecessor of d s for all j < co. 

Now, fix a < /3 for a moment, we shall define a function f a :S^co. By (b) in 
the inductive hypothesis, we may choose a strictly increasing sequence {m{i) : i < 
co} C co such that if m(i) < j, then Tk H Jf p has scattered height at least i + 1 < co. 

So let k < co. If k < m(0), define f a {{k,i )) arbitrarily for every (k,i) G S. Now 
assume that m(i) < k < m(i + 1). By property (*) above, there is an interval 
[x,y] C Tk fl Jf p with y G (Tk fl JF f3 ) ( ' l+1 ' > ■ Notice that y is a limit ordinal so 
V 7 ^ a {k,i) f° r any i < r(k). So there is j < co such that y G (a^,j ), b(k,j)]- Again, 
since y is a limit ordinal, (k,j) G S. If y ^ b(k,j), let f a ((k,j)) be large enough 
so that y G [a( k j) ,b{ k j)(f a ((k, j)))]. If y = b( k j), then let f a ((k,j)) be large 
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enough so that [a( k ,j),b( k ,j)(fa{(k,j)))} n (T k n this is possible by (*). If 

i G ui\ {j}, define f a {(k,i)) arbitrarily. Notice that with this construction, the 
following property holds. 

(*) For i < u>, m(i) < k there exists j < oj such that 

i a {k,j), b( k ,j) (/<*((&, j)))] n T k n J Fa 
has scattered height at least i. 

Thus, we have defined a collection { f a : a < f3} of functions between two 
countable sets. Since f3 < 0, there exists a function / : S —> oo such that for every 
a < /?, the set {s G S : f a (s ) < f(s)} is cofinite in S. Finally, we define 

Jf> = (J{KA(/(s))] : sG S}, 

which is a clopen set that misses Dp. Property (b) for {a(i) : i < r} C /3 can be 
easily deduced from property (*) in the construction. This completes the proof. □ 

3.10. Theorem Let X be any non-compact, separable, metrizable space. Then 
the following are equivalent. 

(a) X has a far closed set of character 0, 

(b) X has a far closed set, and 

(c) either X has a crowded non-compact subset or X has a clopen subspace 
homeomorphic to oj' u . 

Proof. Clearly, (a) implies (b). The fact that (b) implies (c) follows from Lemma 
3.8. Now assume (c) and let X be any non-compact, separable, metrizable space. If 
X has a crowded subset with non-compact closure, then there is a discrete collection 
{F n : n < oj} of closed crowded subsets of X. Then for each n < oj it is easy to 
construct T n C F n homeomorphic to u>' n . By Proposition 3.9, T = (J{T n : n < w} 
has a far closed set F of character 0 (in /3T). Since X is normal and T is locally 
compact, we may assume that f3T\T C (3X\X so F C f3X\X. Also, by normality, 
F is also far from X. Since T is a Gs in X, it is easy to see that F has character 5 
in f3X. If we have the case that X has a clopen subspace homeomorphic to w'“, it 
also follows from Proposition 3.9 that X has a far closed set of character 0. Thus, 
(a) holds. □ 

3.11. Corollary For every non-compact, crowded, separable metrizable space X , 
XfPO = 5 • 


4. Far points in countable spaces 

As announced in the introduction, in this section we will study the existence 
of far points for some countable crowded spaces. Let us explain our method to 
construct far points, which was inspired by van Douwen’s original method from [7]. 

So consider a normal space X and a collection of closed subsets Q of X. We say 
that Q is far if every time D C X is closed and discrete there is G G Q such that 
dnG = 0. Also, given n < w, we will say that Q is n-linked if the intersection of 
any n elements of Q is non-empty. 

Now, assume that A is a normal space that is equal to the disjoint union 
X n and for each n < w, Q n is a (n + l)-linked remote collection of closed 



14 


DOW AND HERNANDEZ-GUTIERREZ 


subsets of X n . Then the collection 

Q = | {G n : n < oj} : G n G Q n whenever n < 

is a far collection of closed sets. It easily follows that any point in {^\{c\px(G) : G G 
Q} is far. 

In our discussion, we are dealing with countable regular crowded spaces. So 
clearly these spaces are normal and can be partitioned as a disjoint union of count¬ 
able spaces. Thus, we may use the method described above to prove the existence 
of remote points in countable spaces. 

Our first example is in ZFC but we assume some topological conditions. 

4.1. Proposition Let n < oj. Assume that A is a countable regular crowded 
space such that every point of X has its character equal to its 7 r-character. Then 
X has a far n-linked collection of clopen sets. 

Proof. Let k be the weight of X. First, it is not hard to see that it is possible to 
find a base { B a : a < n} of X with the following properties: 

(i) for every x € X, {B a : a < xi x >X)} contains a local base at x in which 
every element is repeated cofinally, and 

(ii) for every oj < 0 < k there is 7 < n such that |y| = |/3| and the Boolean 
algebra generated by {B a : a < /?} is contained in {B a : a < 7 }. 

If A < k, let B\ denote {B a : a < A}. 

Now fix some infinite discrete closed set D C X. Let {17(1?, x, 0) : x G D} be a 
discrete collection of pairwise disjoint clopen subsets of X such that x G U(D, x, 0) 
for each x G D. Clearly, we may assume that 17(1?, x, 0) G B x ( x ,x)- For each x G D 
and to < oj we shall find A (D,x,in) < x(a;,A) and a clopen set U(D,x,m) G 
B x (D,x,m) i n such a way that the following conditions hold. 

(a) A(7?, x, in) < A (D, x, m + 1) for all m < oj, 

(b) 17(7?, x, in + 1) C 17(7?, x, in) for all to < oj, 

(c) U(D,x,0) G B x(DtXfi) , 

(d) the Boolean algebra generated by B\(D,x,m) G{U(D, x, m+ 1)} is contained 
in Bx(D,n, m +i) f° r all to < oj, and 

(e) if V G Bx(D,x, m ) is such that 17 n U(D,x,m) ^ 0, then (17 n U(D,x,m)) \ 

17(7?, x, in + 1) 0. 

For in = 0, let X(D,x, 0) be any ordinal < x(x, X) such that (c) holds. Now 
assume that we have constructed U(D, x,m) and \(D,x,m) for m < k and we 
want to construct those sets for in = k + 1. First, notice that the collection 
V={Bn U{D,x,k) : B G B X (D,x,k)} \ { 0 } is of size < %(a;, A). Let W be an open 
set that contains x and witnesses that V is not a 7r-base at x. That is, V \ W ^ 0 
for all 17 g V. By (i), we may choose U(D,x,m + 1) G B x r XjX ) be such that 
x G 17(7?, x,m+ 1) C W. Finally, by (ii) we may choose an ordinal A(T?, x, m+ 1) < 
x{x,X) such that the Boolean algebra generated by Bx{D,x,m) U {17(7?, x, to + 1)} 
is contained in Bx{D,x,m+ 1 )- Clearly, conditions from (a) to (e) hold and we have 
finished the construction of these sets. 

Then, given an infinite closed discrete set 7?, we define 

F(D,m)=X\(\J{U(D,x, to + 1) : x G 7?}), 
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which is clearly a clopen subset of X that misses D. Also notice that F(D,m) C 
F(D, m + 1) for all m < u>. We will next prove that the collection of all sets of the 
form F(D, n ) where D is infinite, closed and discrete is (n+ l)-linked. Clearly, this 
is enough to finish the proof. 

So let V be a collection of n + 1 infinite closed discrete subsets of X. Choose 
do 6 Do £ V be such that A(-D 0 ,do,l) < X(D,x, 1) every time that D £ T> and 
x £ D. Let A(0) = X(D 0 ,do,l). Thus, Wq = U(D 0l do, 0) \ U(D 0 , do, 1) is a 
non-empty element of 1 ?a(o) (properties (d) and (e)) such that Wo C F(D 0 , 0). 

If for all D £ V \ {D 0 } and x £ D we have that Wo fl U(D , x , 1) = 0, we would 
have that Wo is a non-empty subset of (~){F(D, n) : D £ T>}. So assume this is not 
the case. Then there are d\ £ D\ £ P\{D 0 } be such that WoC\U(Di,di, 1) y^ 0 and 
A(Di, di, 2) < A (D, x , 1) every time that D £ T>\{Do}, x £ D and WoC\U(D 1 x, 1) y^ 
0. Notice that Wo G £>A(Di,di,i) by the minimality of A(0). Let A(l) = A(Di,di,2). 
By properties (d) and (e), it follows that W 2 = (Wint/(Di, di, 1))\U(D±, d\, 2) is a 
non-empty element of B\^y Notice that Wl C F(Dq, 0)nF(Di, 1) so in particular 
F(Do, 1) fl F(Di, 1 ) y^ 0. 

So in general, assume that we have Wk C f]{F(Di,i) : i < k}, where A (?) = 
A (Di,di,i + 1) < A (D,x,i + 1) for all D £ V \ {D, : j < ?'}, x £ D such that 
WiC\U ( D , x, i+1) y^ 0 for all i < k. Further, W ;+1 C W, for all i < k. So, if possible, 
again let Dk +1 £V\ {Di : i < k} and dk +1 G Dk +1 such that X{Dk+\, dfc+i, k + 2) 
is minimal. By the minimality of A(fc), Wk £ B\(D k+1 ,d k+1 ,k+i)■ Let A (k + 1) = 
A(Dfc+i, dfc+i, k + 2). By properties (d) and (e), it follows that Wk +1 = (Wk fl 
U{Dk , dk, k)) \ U{Dk , dk, k + 1) is a non-empty element of B\(k)- Thus, we obtain 
that Wfc+i C f]{F{D il i) : i < k + 1}. 

So with this procedure we obtain that (~){F(Di , i) : i < n} ^ 0. Since F(Di, i) C 
F(Di,n) for all i < n, we obtain that (~}{F(Di,n ) : i < n} yf 0. Thus, our far 
collection is (n + l)-linked, which was what we had left to prove. □ 


As a corollary, we obtain the following. 

4.2. Theorem Every countable regular crowded space where every point has its 
character equal to its 7r-character has far points. 

Now we would like remove the requirement that character equals 7 r-character ev¬ 
erywhere. Unfortunately, we only have a partial result depending on the regularity 
of the character. Let us start with the case when the character has uncountable 
cofinality. The prove of the following is very similar to the proof of Proposition 4.1. 

4.3. Proposition Let n be a cardinal of uncountable cofinality and n < oj. As¬ 
sume that X is a countable regular crowded space such that every point of X has 
7 r-character equal to k. Then X has a far n-linked collection of clopen sets. 

Proof. Consider a 7 r-base {B a : a < n} of X such that every time w < f3 < k there 
is 7 < k such that the Boolean algebra generated by {B a : a < /?} is contained in 
{B a : a < 7 }. Let us denote Bp = {B a : a < /?} for all f3 < k. 

Now fix some infinite discrete closed set D C X. Let {U(D,x, 0) : x £ D} be a 
discrete collection of pairwise disjoint clopen subsets of X such that x £ U{D , x , 0) 
for each x £ D. For each x £ D and m < u we shall find A (D, x, m) < k, U ( D , x, m) 
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a clopen neighbordood of x and a countable subset N(D, x, to) C A (D, x, to) such 
that the following conditions hold. 

(a) A (D, x, to) < A(D, x, m + 1) for all to < w, 

(b) U(D, x, to + 1) C U(D, x , to) for all to < w, 

(c) £/( D , x, to) \ C7(17, x, to + 1) = (J {B a : a £ N(D, x, m)} for all m < u>, 

(d) the Boolean algebra generated by B\(D,x,m) U {B a : a £ N(D,x, to)} is 
contained in B\(D,x,m+i) f° r all m < w, and 

(e) if V £ B\(D, x ,m) is such that V C U(D, x, to) ^ 0 , then (V D U(D, x, to)) \ 
U(D, x, to + 1) ^ 0. 

Start by choosing A(D,x,0) < k arbitarily. Now assume that we have con¬ 
structed everything for to < k and that conditions (a) to (e) are satisfied so far. 
The collection of all {B a : a < X{D,x,k)} is not a local 7 r-base at x so we may 
choose a clopen set U(D,x,k + 1) C U(D,x,k) such that (e) holds. Now choose 
N(D, x, k ) such that (c) holds. Finally, A (D, x, k- 1-1) is defined such that (d) holds, 
and this can be done by the fact that cf(n) > ui and the choice of our 7 r-base. This 
proves that the construction is possible. 

Now define 

F(D,m)=X\([j{U(D,x, to + 1) : x £ D}), 

for every closed discrete set D C X. Clearly, the collection of all F(D, to) where D 
is infinite, closed and discrete and m < u> is fixed is a remote collection of clopen 
sets. Next we will see that it is n + 1-linked when m = n. 

So let V be a collection of n + 1 infinite closed discrete subsets of X. Choose 
do £ D 0 £ V be such that \(D 0l do,l) < \(D,x,l) every time that D £ V and 
x £ D. Let A(0) = A(Z?o, do> !)• Choose a(0) £ N(D 0 ,x o,0) arbitrarily and notice 
that Wq = B a (o) is a non-empty clopen subset of F(D 0 , 0 ) in £>a(o)- 

First consider the case that for all D £ V \ {Z?o} and x £ D we had that 
Wo fl U(D,x, 1) = 0. Then Wo is a non-empty subset of f]{F(D,n) : D £ V}. So 
assume that this is not the case. Then there are d\ £ D\ £ T> \ {Z?o} such that 
Wo l~l U{D\,d\, 1)^0 and A(Z7i,di,2) < X(D,x,2) every time that D £ V \ {D 0 }, 
x £ D and Wq Cl U (D, x, 1) ^ 0. 

Notice that Wq £ B\(D 1 ,d 1 ,i) by the minimality of A(0). Let A(l) = A(I?i, d\, 2). 
By properties (c) and (e), there exists a(l) £ N{Di,x\,l) such that W\ = Wq Cl 
B a (i) 7 ^ 0- Notice that W\ £ B\( i) by property (d). Thus, W\ C F(D 0 ,0)C\F(Di, 1) 
so in particular F(D 0 , 1) C F{D\, 1) ^ 0 . 

So in general, assume that we have Wk C (~){F(Di,i) : i < k}, where X(i) = 
X(Di,di,i + 1) < A (D,x,i + 1) for all D £ V \ {Dj : j < i}, x £ D such that 
WiC\U ( D , x,i+ 1) ^ 0 for all i < k. Further, Wi + i C Wj for all i < k. So, if possible, 
again let Dk+i £ T>\ {Di : i < k} and dk+i £ Dk+i such that X(Di~+i, dk+i, k + 2) 
is minimal. By the minimality of A(fc), Wk £ B\^ k lt d k+1 ,k+i)- Let X(k + 1) = 
X(Dk+i, dk+ i, k + 2). 

By properties (c) and (e), there exists a(k + 1) £ N(Dk+i,Xk+i 1 k + l) such that 
W k + 1 = W fc C £ a(fc+1 ) ^ 0 and W k+1 £ B X ( k+ 1 ) by property (d). Thus, we obtain 
that W k +i C f){F(I7,;, i) : i < k + 1}. 

So with this procedure we obtain that (~){F(Di, i) : i < ?r} ^ 0. Since F(Di,i) C 
F(Di,n ) for all i < n, we obtain that f]{F(Di,n) : i < n} ^ 0. Thus, our far 
collection is n + 1 linked, which was what we had left to prove. □ 
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4.4. Theorem Let k be a cardinal of uncountable cofinality. Then every countable 
regular crowded space with all points of 7r-character equal to k has far points. 

Fortunately, we are able to obtain far points with a little more generality than 
this. We need the following easy lemma, we will leave the proof to the reader. 

4.5. Lemma Let X be a countable regular space and let k > w be a cardinal with 
c /( k ) > oj. Then the set of all points x € X with 7r-clraracter < k is closed in X. 

4.6. Corollary If X is a countable regular crowded regular space of 7r-weight a 
cardinal of uncountable cofinality, then X has far points. 

Proof. Let k be the 7r-weight of X. For each a < k, let X a be the set of all points in 
X with 7r-character < a. Then {X a : a < n} is an increasing collection of subsets 
of X with union X. Since X is countable and k has uncountable cofinality, there 
is (3 < k such that Xp = X a ± X for /3 < a < k. Let U = X \ Xp. Since k has 
uncountable cofinality, Xp is non-empty and closed by Lemma 4.5. Thus, U is a 
non-empty open set of X where all its points has 7r-character equal to n. Apply 
Theorem 4.4 to any clopen subset of U and we are done. □ 

Unfortunately, we do not have a proof of a version of Corollary 4.6 for countable 
cofinality. However, we do have the following. 

4.7. Theorem Assume that k > oj is a cardinal with c /( k ) = oj and c = k + . 
Then every countable regular crowded space with 7r-weight n has far points. 

Proof. Let X be a countable regular crowded space with irw(X) = n. Let { n n : n < 
oj} C k be a strictly increasing sequence of cardinals such that sup {n n : n < oj} = k. 

Claim: There is a discrete pairwise disjoint collection of non-empty clopen sets 
{U n : n < uj} of X such that for every p £ U ni n x{p) > k+- 

To prove the Claim, consider the set P = {x £ X : tvx(x) = k}. For each n < oj, 
let P n = {x £ X : 7 t\(x) < K n }, which is closed by Lemma 4.5 and the fact that 
nf is regular. We have two cases depending on whether cl x{P) is compact or not. 

If c1a'(P) is not compact, then there is an infinite discrete set {p n : n < oj} C 
c1a'(P). We construct a partition {A n : n < oj} of X such that p n £ A n . Choose 
an enumeration X \ {p n : n < oj} = {y n : n < to}. Then inductively assuming 
that we have chosen {A„ : n < in} for some m < oj in such a way that {y n : 
n < m} C |J {A n : n < ?n}, let A m be a clopen set such that p m £ A m and 
y rn £ |J{A„ : n < m}. Clearly with this procedure it is possible to construct such 
an infinite partition. Notice that A n \ P n ^ 0 for each n < oj. So in this case we 
may let U n be a non-empty clopen subset of A n \ P n for each n < oj. 

If cIa-(-P) is compact, then it must be second countable since it is countable. 
Thus, there is a point p £ P that is isolated in cl x (P) (but clearly not in X). Let 
A be a clopen set of X such that A n P = {p}. Notice that A\ P n ^ 0 for all 
n < oj. Otherwise A = P m U {p} for some m < oj and p £ cl x{Pm) = P m , which is 
a contradiction. Recursively construct a pairwise disjoint collection {A n : n < oj} 
of clopen subsets of A such that A„Cd \ P n for all n < oj. Since nx{x) = n > oj, 
there is a clopen set Q such that x £ Q and A n \ Q ^ 0 for all n < oj. Thus, for 
this case let U n = A n \Q for each n < oj. 
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Clearly, in both of the possible cases we have constructed the collection from the 
Claim. 

By the Claim, it is possible to choose a collection {D a : a < k + } of infinite 
closed discrete subsets of X such that 

(i) D a Cl U n is infinite for all a < k + and n < ui and 

(ii) for every closed discrete set D C X there is a < k + such that D C D a . 

By recursion we will construct a centered family {F a : a < k + } of clopen subsets 
of X such that D a Cl F a = 0. The filter generated by this familly will be far by 
property (ii). We will assume that for all a < k + we have the following inductive 
hypothesis: 

(*) a For every G G [a + 1] <UJ there is Nq < w such that every time 
to > Nq it follows that fll-f/S Cl U m : /3 G G} ^ 0. 

Let F 0 be any non-empty clopen set such that Fo fl Do = 0 and Fq fl U n ^ 0 for 
all n < ui. Assume that a < k + , that we have constructed {Fg : /3 < a} and that 
(*)/3 holds for every /3 < a. 

Let a = (J{./„ : n < uj} be such that J n C J n +i and \J n \ < K n for all n < uj. 
Let Ba denote the Boolean algebra of clopen subsets of U n generated by {Fg fl U n : 
/3 G </„} for each n < uj. Also, let D a = {xi : i < uj} be an precise enumeration 
and let { V, : i < w} be a partition of X into clopen sets such that {a:*} = D a fl V t 
whenever i < ui. 

Let i < ui and n < u such that Xj G U n . Then, since 7 rx(x) > there is a 
clopen set Wi C U n fl V) such that B\Wi ^ 0 for all B g B™\ {0}. Then the set 
W = |J {Wi : i < uj} is clopen and contains D a . Let F a = X \ W. 

Now we prove that (*)„ holds so let /3(0),..., j3(k) G a + 1. We may assume that 
f3(k) = a and fi(j) < a if j < k. Let G = {(3(j) : j < k} and let 7 < a such that 
G C 7 +1. Since 7 < a, there is some witness Nq for (*) 7 . Let N < lo be such that 
N g < N and fi{j) G Jn for all j < k. Let Fl = : j < k}. If N < m < lo, 

by (*) 7 we have that H n U m G B™ \ {0}. Now, let i < to be such that x, G U m , 
such an i exists by property (i). By the definition of Wi, (Hr I U m ) \ Wi ^ 0. This 
easily implies that f){^/ 3 (j) Fl U m ■ j < k} ^ 0. Thus, NG\j{/ 3 (k)} = N works as a 
witness for (*) a . 

This hnishes the construction of [N a : a < k + } and the proof. □ 

From all the previous results, we have the following. 

4.8. Corollary If c < N w +i, then every regular countable crowded space has far 
points. 
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